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Recently, Reservoir Computing(RC) is spotlighted because of structural simplicity. RC is an
architecture based on a Recurrent Neural Network(RNN) and the recurrent connections in RNN
is called "reservoir" in RC. In this paper, we introduce the echo state network(ESN), which is
one of the representative models of RC, and advanced versions of ESN.
We introduce the dynamic based RC with the Kuramoto model(RCK), which is a mathe-
matical model used to describe synchronization. There are many modified versions of Kuramoto
model, we use the explosive Kuramoto model in this paper. We test RCK using the tasks in the
advanced version of ESN articles, and compare RCK to a simplified ESN.
We propose the concatenated RC. We apply the concatenation to RC, and compare the effect
of concatenation using the capacity.
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I Introduction
Recently, Reservoir Computing(RC), a Recurrent Neural Network(RNN)-based architecture, is
spotlighted because of structural simplicity. RNN is a class of artificial neural network which
has been used for temporal pattern recognition. Since RNN is pressured to be complex for
the performance, the costs are increased exponentially. By this problem, RC receives attention.
RC has the spatiotemporal complex dynamical structure, reservoir, so it is useful when we use
the temporal(sequential) data, such as system data, handwritten digits. The advantage of RC
compared to RNN is RC doesn’t adjust the parameters in the process of making a reservoir. We
obtain the dynamical patterns of reservoir by perturbing input data to reservoir. We analyze
observed dynamical patterns with the parameter in the readout layer and deduct the output
which we want. The main characteristic of reservoir computing is the parameter that is adjusted
in the training step. Other neural networks adjust whole parameters in the network, but RC
modifies the parameters only in a readout layer.
In this work, we introduce the RC. There are various types of reservoir computing such
as Echo State Network [1, 2], Liquid-State Machine [3], Nonlinear Transient Computation [4].
Among them, the universally used method is Echo State Network(ESN), which is a method to
analyze nonlinear behavior according to input data with a sparse connection. The advantage of
the ESN is the stability of a model by the condition which is called echo state property(ESP).
By this property, we don’t need to consider the random variable. We introduce the modified
versions of ESN for a prediction and reconstruction.
In the third section, we introduce the dynamics based RC using Kuramoto model. Kuramoto
model is a mathematical model used to describe synchronization. It is a model for the behavior
of a set of coupled chaotic oscillator. This model is proposed by Choi [5] in 2019, they use
the Mackey-Glass equation for the test. We test the chaotic systems, such as Lorenz system and
Rössler system, with the same parameters in several ESN articles and compare RCK to modified
version in [2].
For the test, we use the tasks in the articles [2,6]. First one is reconstruction in [2]. Reconstruc-
tion is a process to recover the lost data with the correlated data. The condition of this process
is a correlation between input and output data. For this task, we use the above chaotic systems
and spatiotemporal chaotic equation(Kuramoto-Sivashinsky equation). Kuramoto-Sivashinsky
equation [7,8] is a fourth-order nonlinear partial differential equation, which derive the diffusive
instabilities in the laminar flame front in the late 1970s. Second one is a real-time prediction
in [6]. We bring the process of prediction in [6]. The process in the training period is the same
as reconstruction, but the output data after the training period is used for the new input data
of the next step.
In the last section, we introduce the concatenated reservoir computing. For the RCK, there is
a limitation in the performance according to the size of reservoirs. To measure the performance,
we compare the capacity which is a measurement of performance by using finite products of
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polynomials. Capacity measures that how many delayed finite products of polynomials can be
endured.
To improve the performance, we propose the reservoir computing with concatenation. We
construct reservoirs with small nodes individually and concatenate these small reservoirs as one
big reservoir. We expect lower costs and higher performance by the concatenation. We apply
this concatenation to two reservoir computing and compare by the reconstruction.
2
II Preliminary
Figure 1: The RNN structure.
Reservoir Computing(RC) is a neural network architecture based on a Recurrent Neural Net-
work(RNN). RNN is a class of artificial neural network which has been used for temporal pattern
recognition. The feature of RNN is recurrent connections for obtaining dynamical reaction to
input data. The process of RNN is same as below.
Process of RNN
1 Generate dynamical reaction. Input data perturbs the nodes for generating dynamical
reactions with the weights on the recurrent connections.
2 Preprocess dynamical reactions. Compute the generated reactions by the activation
function. In general, tanh and sigmoid functions are used for the activation function.
3 Train the weights. Compute the error between desired output and reactions. By the
error, train the weights on the recurrent connections and in the readout.
The major algorithms for general RNN are BackPropagation Through Time(BPTT) [9] and
Real-Time Recurrent Learning(RTRL) [10]. Most of the algorithms based on RNN use one of
major algorithm or combined two algorithms. For the advanced algorithm of RNN, a number of
global parameters are involved, so it can’t be easily optimized. By a number of parameters, the
costs of RNN is very high.
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In the 2000s, RC is proposed as an advanced RNN to reduce the costs. Figure 2 represents
the structure of Reservoir Computing. In the RC, the recurrent connection is called "reservoir".
Figure 2: The general structure of Reservoir Computing. Wres are fixed random parameters,
Wout are the parameter that we need to obtain by train.
Below equations are general Reservoir Computing model:














u, ŷ represent the input and output data vectors, r is the state of the reservoir. Each W∗∗ are
the parameters in each layers. Wres∗ is the parameter to observe the behaviors of the reservoir,
Wout∗ is the parameter to interpret the behaviors in a readout layer.
The distinguishing feature of RC, compared to the general Artificial neural network(ANN),
is the training. ANN generally trains all parameters, but RC modifies the parameter in readout
layer. Wres∗ keeps the initial set value even if the learning is progressed, W
out
∗ is trained in order
to obtain the desired output.
The represented models of RC are LSM and ESN. LSM is proposed by Maass [3] to explore
the computational capability of neural microcircuits in the brain [11]. The purpose of LSM
is to develop biologically relevant learning models of spiking neural network with recurrent
connections. The properties of LSM follows the constraints of biological neural networks. The
probability that two neurons are connected depends on the distance between their positions.
The ESN was proposed by Jaeger [1], which uses an RNN-based reservoir consisting of
discrete-time artificial neurons.
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2.1 Echo State Network
We consider the input, reservoir, output as u ∈ RM , r ∈ RN ,y ∈ Rd. The weights are collected
in a matrix Win ∈ RN×M for the input weights, in an adjacency matrix A ∈ RN×N for the
reservoir connections, and in a matrix Wout ∈ Rd×(M,N,L) for the readout.
The equation for ESN is described as follow:
r(t) = f (Winu(t) + Ar(t− 1)) , (1)
y(t) = fout (Wout (u(t), r(t),y(t− 1))) , (2)
where f = (f1, ..., fN )T are reservoir’s activation function(typically sigmoid function or tanh
function),fout = (fout1 , ..., foutd )
T are readout activation function, and (u(t), r(t),y(t− 1)) =[
u(t)T , r(t)T ,y(t− 1)T
]T . fi(V), fouti (v) are calculated in ith component of a vector v.
The input matrix Win is initialized by random distribution and we don’t adjust the ma-
trix as mentioned. Then, The difference between each network can be occurred by the random
input matrix Win, but we don’t need to deal with this problem because of the Echo State
Property(ESP).
Definition 1 Assume that input data is drawn in from a compact input space U ⊂ RM and
reservoir lies in a compact set R ⊂ RN . Then the network has echo state property, if the network
state r(t) is uniquely determined by any left-infinite input sequence. More precisely, this means
that for every input sequence...,u(t − 1),u(t) ∈ U , for all state sequences ..., r(t − 1), r(t) and
..., r′(t− 1), r′(t), it holds that r(t) = r′(t).
The condition for ESP is that a network state is determined by the left-infinite input se-
quence. That means, we need enough transient input data for converging to a stable network
state.
To satisfy ESP , there is a sufficient condition(Proposition 1 [12]).
Proposition 1 Assume a network with fi(v) = tanh (v). Let the weight matrix A satisfy ρ < 1,
where ρ is a spectral radius of A. Then ESP holds for all input u, for all reservoir x, x′ ∈ [−1, 1]N .
So if the spectral radius of A is less than 1, we don’t need to consider the random matrix Win.
To compute the weight Wout, some methods are developed such as pseudo inverse and
Singular Value Decomposition(SVD). In these methods, if the smallest singular value of reservoir
R is close to zero, R does not have full column rank, resulting in ill-posed problem. To deal with
this problem, some regularization methods, such as l2 optimization(Ridge Regression-ESN [13])
and l1 optimization(Lasso-ESN [14]), have been applied.
The algorithm of ESN is processed as below:
Algorithm of ESN
1 Initialization. Initialize the global parameter A,Win, r(−τ) where τ is the length of the
transient input data. Rescale the spectral radius ρ of A to be less than unity.
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2 Make Reservoir. Perturb the input data u(t) into reservoir state r(t) and construct the
reservoir matrix R = [r1, ..., rT ] during training period T.
3 Compute output. Compute the network output Ŷ = [ŷ(1), ..., ŷ(T )]T by (2).
4 Derive output weight. Observe the output weight Wout by optimization such as pseu-
doinverse and SVD. Then ESN is trained.
2.2 Modified versions of ESN
In this section, we introduce modified versions of ESN. Before the introduction, we define the
parameters. u(t) ∈ RM is the input data and y(t) ∈ Rd is the output data.M,d are the dimension
of input and output space. r(t) ∈ RN is a reservoir state at time t and N is the number of nodes.
A ∈ RN×N is the sparse adjacency matrix which represents the connection between each other
nodes. Win ∈ RN×M is a linear input weight matrix.
First one is ESN for the data reconstruction in [2]. Figure 3 shows what is the data recon-
struction. The purpose of this example is recovering the lost system data ỹ with the correlated
system data ũ.
Figure 3: Data reconstruction. We find the Parameters(weights & biases) by training with input
data u and output data y, and We reconstruct ỹ by ũ.
The model of reservoir observer is described as below:
r(t+ 1) = (1− α)r(t) + α tanh(Ar(t) + Winu(t) + ξ1), (3)
ŷ(t) = Woutr(t) + C. (4)
The parameter 0 ≤ α ≤ 1 is a leakage rate that makes more accurate, and ξ1 ∈ RN is the
bias vector and ξ is the constant. C ∈ Rd is a bias vector in readout layer. A is formed by sparse
random Erdős-Rényi matrix in which the fraction of nonzero matrix element is DN , so that the
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average degree is D. We then rescale all elements of A so that the maximum magnitude of
eigenvalues becomes scalar value ρ.














where the ‖q‖2 = qTq for a vector q and Tr(B) =
∑n
i=1 bii is a trace of the square matrix
B = [bij ]n×n. The second term of (5) is a regularization term included to avoid overfitting the
output weight Wout, where β is the ridge regression parameter.
If the training is successful, the output ŷ yield a good approximation(ỹ) to the desired output
y after the training period(t > T ). Referring to equation 4:
ỹ(t) = W∗outr(t) + C
∗, (6)
where W∗out and C


















where I is the identity matrix, δR(Respectively, δY) is the matrix whose kth column is r(k4t)−r̄
(Respectively, y(k4t)− ȳ).
The other version is a model for data prediction in [6].
Figure 4: Structure of prediction after training period.
Figure 4 shows the structure of prediction. Data prediction is structurally different from
reconstruction. In the case of reconstruction, input data can be accessed even after the training
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period. Prediction use the output data obtained through the previous process as the input data
after training period. In this example, the desired condition is that network output is a good
approximation to u(t).
The network is given by following equations:
r(t+ 1) = tanh [Ar(t) + Winu(t)], (7)
y(t+ 1) = Wout [r(t)] . (8)
In the Eq. (8),
Wout [r(t)] = P1r(t) + P2r2(t), (9)
where P1 and P2 are d × N matrices, and r2(t) is the N dimensional vector whose jth
component is r2j (t).
For the prediction, parallelized reservoirs structure(Figure 5) is used. Let the spatiotem-
poral data be a one dimensional grid of size Q. Then the data is denoted by the vector
u(t) = [u1(t), ..., uQ(t)]T . The Q variables uj(t) are split into g groups, each group consist-
ing of q spatially contiguous variables such that gq = Q. These groups are denoted by gi(t) =(
u(i−1)q+1(t), ..., uiq(t)
)T . Each group, gi, is predicted by a reservoir Ri.
For constructing the reservoir, the contiguous region data, not just previous data, is used
for the input data. Input data is described by hi, where hi(t) contains the spatial points in
ith group as well as from two contiguous regions of l spatial points on its left- and right-
hand sides,hi(t) =
(
u(i−1)q−l+1(t), u(i−1)q−l+2(t), ..., uiq+l(t)
)
. The j in uj is taken modulo Q for
preventing out of range.
Figure 5: Structure of the parallelized reservoir.
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III Dynamics based Reservoir Computing
In this section, we use the dynamical system, Kuramoto model, for constructing the reservoir.
This network, Reservoir Computing based on Kuramoto model(RCK), is proposed by Choi
in 2019 [5]. This method is RC that uses Kuramoto model [15], one of the simplest coupled
oscillator, as a reservoir. Kuramoto model is a mathematical model describe synchronization.
The most popular form of this model has the following equations:





sin (θj − θi), i = 1, ..., N (10)
where w = [w1, w2, ..., wN ]T is natural frequency of each nodes, λ is coupling strength, and N
is number of nodes.
To use Kuramoto model as dynamics, we need phase-locked state. After we perturb the input
data to Kuramoto model, dynamics try to be the synchronized state. If the synchronized state
is not a phase-locked state, then the state after perturbation can be quite different even if we
perturb the same input data. That means, to obtain proper readout weight(Wout) is hard works.
For the phase locked-state, there are some conditions.
Theorem 1 Let D0 ∈ (0, π), and θ = (θ1, ..., θN )T be the solution of equation 10 on a connected










D (θ(t)) < D0 and lim
t→∞
|θ′i(t)| = 0, i = 1, 2, ..., N.
Here σ(w) is the total variance of natural frequencies ,D (θ(t)) is a phase diameter and








and D (θ(t)) := max
i,j
|θi(t)− θj(t)|




|θi0|2 and L∗ :=
1
1 + diam(G) |Ec(G)|
where Ec(G) = V ×V −E(G) and V,E(G) are vertex and edge set of graphG. diam(G) represents
the diameter of G, i.e., the longest length of the shortest path between pairs of vertices.
3.1 Reservoir Computing based on explosive Kuramoto model
There are various version of the Kuramoto model, we use the explosive Kuramoto model(equation
11).






Aij sin (θj − θi), (11)
9
where A = [A]N×N is adjacency matrix.
The different settings between popular form and explosive form are the coupling strength. In
the case of coupling strength, popular form uses a constant(λ). However, the coupling strength
of explosive form is proportional to each natural frequency(λi = λ‖wi‖).
The reason why we used the explosive form is the sensitivity of the coupling strength. To
check the sensitivity of coupling strength, there is a measurement r, which is a Kuramoto order,







where r represents the phase-coherence of the node of oscillator and Φ indicate the average
phase.
In the case of r, we can check just coherence, not phase-locked state. So, [5] proposed another






exp (−cvarj), c > 0,
where varj is the temporal variance of the θ′j(t). c is a constant which represents the sensitivity
to deviation from the phase-locked state and the range is 102 ≤ c ≤ 108.
rvar is a measurement for desynchrony that sensitively shows a degree of deviation of oscil-
lators from a steady frequency. If the Kuramoto model is in the phase-locked state, then the
temporal variance varj is kept close to 0.























(b) - variance order parameter
Interaction 
Figure 6: Phase-coherence order r and variance order rvar according to coupling strength.
Figure 6 shows the orders according to coupling strength. There are steep slopes for explosive
Kuramoto model in two figures and the location of steep slopes are the same. That means,
reservoirs start to synchronized as coherence and phase-locking at the same coupling strength.
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If the start point of synchronization is different, then the strengths of each synchronization are
different. For the fine reservoirs, the strength of synchronization should be properly strong.
RC based on explosive Kuramoto model(RCK) differs from the ESN in the process of making
a reservoir. While ESN makes a reservoir by the Eq. (1), RCK directly perturbs the target nodes
and then obtains the reaction of a reservoir in the process of synchronization. The details are as
follows.
Process of Reservoir Computing based on explosive Kuramoto model
1 Initialize the variables. Initialize random variables, θ(0) and w.
2 Choose the coupling strength. Calculate the coherence order r for each coupling
strength K in [1.0, 4.0] and choose the proper coupling strength.
3 Observe the reaction. Add the value of input data u(t) = [u1(t), u2(t), ..., uM (t)] ∈ RM
to each chosen M nodes as the perturbation. The reactions are observed at regular interval
St during certain time Tres.(Figure. 7)
4 make reservoir matrix. The reactions are stored as the reservoir matrix. And then, we
repeat the 3rd process with u(t+ 1).
Figure 7: Process of step 3. Perturb some nodes by the input data. And then, Nodes try to be
synchronized. We observe the movement of synchronization until enough time for synchroniza-
tion.
In the 3rd process, details are described in Figure 7. First, we choose the M nodes for perturba-
tion. And then, we perturb the input data u(ti) to reservoir state directly:
r̂k(t)← r̂k(t) + uk(t) where k = 1, 2, ...,M,
and r̂k(t), uk(t) are the components of reservoir states and input data. By the perturbation, the
synchronization is broken, so the reservoir try to be synchronized. During the reservoir reacts
to be synchronized, we observe the movement of nodes and save the movement with this form:
r(ti) =
[
r̃1(t̂1), r̃2(t̂1), ..., r̃N (t̂1), r̃1(t̂2), ..., r̃N (t̂2), ..., r̃N (t̂K)
]T
where r̃k(t̂j) = rk(t̂j) − rk(t̂j−1), St = t̂j − t̂j−1, Tres = t̂K . The dimension of reservoir state at
time ti is N × Tres/St.
Also, we need to adjust the scale of the input data. In the case of the kuramoto model,
a trigonometric function is used, so if the input data is 2nπ + θ, the result is the same when
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the input data is θ. Also, since the synchronization time varies depending on the frequency of
each node, we can’t randomly select nodes to be perturbed. In this work, we rescale the data
into [−1, 1] for maintaining the synchronization of RCK, and perturb the specific nodes whose
frequency is close to 1.
3.2 Application
We compare two types of reservoir computing, ESN and RCK. The equation of ESN is almost
same as a reservoir observer, but we don’t use the bias term C. Also, when we minimize the cost






and the minimizer Wout is obtained in a closed-form [16] as,
Wout = (YRT )(RRT )−1 where Y = [y(4t),y(24t), ...], R = [r(4t), r(24t), ...],
with A−1 is the Moore-Penrose pseudo inverse of A.
For the comparison, we use such examples, reconstruction, prediction.
A. Data Reconstruction
First examples of reconstruction are typical chaotic systems, Rössler system and Lorenz system.
Left equation represents the Rössler system, and right one is Lorenz system.
dx
dt
= −y − z, dx
dt






= ρx− y − xz,
dz
dt
= b+ z(x− c), dz
dt
= −βz + xy,
where a = 0.5, b = 2.0, c = 4.0, σ = 10, β = 8/3, ρ = 28.
For this experiment, we utilize the parameters as follow. ESN parameters are from [2].
For the ESN,
number of reservoir nodes: N = 400,
spectral radius: ρ = 1.0,
average degree: D = 20,
scale of input weights: σ = 1.0,
bias constant: ξ = 1.0,
leakage rate: α = 1.0,
time interval: 4t = 0.1,
length of training phase: T = 260.
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For the RCK,
number of reservoir nodes: N = 60,
coupling strength: λ = 2.3,
time interval for saving reservoir: St = 0.1,
Observation time for each input: TRes = 1,
time interval of data: 4t = 0.1,
length of training phase: T = 260.






where ŷ. is the reconstructed data (13)
Figure 8, 9 show the results of reconstruction. We test 1,000 time units for the Rössler
system, and 500 time units for the Lorenz system. There is no difference in Figures. In the case
of RMSE, ESN has better results than RCK.
Figure 8: Reconstruction the Rössler y data by x data. Left is reconstructed by ESN, right is by
RCK. RMSE is 3.698× 10−4 by ESN and 8.134× 10−4 by RCK.
Figure 9: Reconstruction of the Lorenz y data by x data. Left is reconstructed by ESN, right is
by RCK. RMSE is 3.368× 10−3 by ESN and 1.950× 10−2 by RCK.
Next example is the Kuramoto-sivashinsky model.
yt = −yyx − yxx − yxxxx. (14)
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For this experiment, we impose spatially periodic boundary conditions. We set y(x+L, t) =
y(x, t) on a domain x ∈ (0, L) of size L = 22 and integrate the Eq. (14) from randomly chosen
initial condition. For the integration, we use the spectral method with spaced grid of size Q = 65.
This system data is denoted by y(t) = (y1(t), y2(t), ..., yQ(t)) with yi(t) = y(i4x),4x = L(Q−
1).
For the experiment, we utilize the parameters as follow.
For the ESN,
NESN = 3000, ρ = 0.9, D = 60, σ = 0.5
ξ = 0.0, α = 0.3, 4t = 0.25, T = 15000.
For the RCK,
NRCK = 300, λ = 2.2, St = 0.1
Tres = 1 4t = 0.25, T = 15000.
For the KS equation reconstruction, input data is a vector containing M out of the Q time
series in y(t).
We set the input data u(t) = (u1(t) = y2(t), u2(t) = y32(t)) withM = 2 and other yi(t)’s are
the output data. The goal of this experiment is to reconstruct the data d(t) = y(t)\u(t). In the
Figure 10, we can see the result of ESN and RCK. Left figures are for the ESN, and right ones
are for RCK. Above figures shows the original figure of the KS equation data, and center row
shows the reconstructed data by ESN and RCK. Right figure is more clear and similar than the
left one. Below figure in the Figure 10 shows the difference between original and reconstructed
data. The blurred figure means a better reconstruction, and RCK figure seems more blurry.
Figure 10: Reconstruction of the Kuramoto-sivashinsky equation data. L: reconstructed by ESN,
R : reconstructed by RCK.
14
Correlation and RMSE were used as measurements to numerically indicate this difference.
The calculations are as follows.
Correlation(C) =
∑









where d̂i(t) is the reconstructed data.





Table 1: Correlation and RMSE when M = 2.
In the case of RCK, the larger the M , the worse the result (Figure 11). It seems to come
from the structural problem of RCK. When the dimension of input data increases, the number
of nodes to be perturbed increases. This causes the synchronization state to break, and prevents
the Kuramoto model from fully functioning.
Figure 11: The correlation(L) and RMSE(R) for each dimension(M) of input data.
B. Data Prediction
Next example is data prediction. The structure is same as [6], but since the data is 1-dimensional,
it is not necessary to use a parallelized reservoir.
The parameters are mostly the same as those used for reconstruction, and the difference is
that the number of ESN nodes is 600, and the length of training phase is increased from 260s
to 400s.
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a. Prediction with original system data
Figure 12: Predict the y data with original x data of system
Figure 12 is the result of prediction for x data of Lorenz system and Rössler system. RCK
makes a better prediction, but even that is not long. As the prediction progresses, we desired the
network output is a good approximation of x data, but it doesn’t. The problem is that the error
is stacked when the process is repeated. This stacked error can’t be covered by Wout because
Wout is trained by clear input data.
b. Prediction with noised system data
Instead of using the original data u(t), noised data û(t) was used. We use Gaussian distribution
for noise, and the deviation (δ) was set to 0.01(Eq. (15)).
û(t) = u(t) + δ × w × u(t) where w is Gaussian noise. (15)
We expect that the length of prediction will be increased by the noise. Below figure 13 is a result
of prediction with noise.
Figure 13: Predict the y data with noised x data of system
As a result, the result was slightly improved in both RC model. In the case of Rössler system,
the out of range part is disappeared. In particular, we could get better results close to the original
data for the Rössler system. In the case of Lorenz system, the length of prediction is increased
a little. There are additional predictable parts in RCK figure, but not for the ESN.
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3.3 Frequency sensitivity
When we use the Rössler and Lorenz system for Kuramoto model, we perturb the first node
r1(t). Since we use the same parameters for those systems and there is no problem with the task,
we don’t need to consider which node is perturbed. However, if the natural frequency and the
number of nodes are changed, a problem can occur depending on which node is perturbed. The
below table shows the relative error when we perturb the nodes which have each frequency.
Frequency -2.1384 -1.9330 -1.7947 -0.8396 -0.0825
RelErr 6.2758E04 0.0067 9.7604E-05 5.3863E-06 1.8278E03
Frequency 0.1001 0.1240 0.1873 0.8351 1.7119
RelErr 735.6910 2.1355E07 8.9962E-07 1.1517E-05 1.3873E-04
Table 2: Relative error when we perturb the node which has each natural frequency.






where ŷ is a network output and y is a desired output. When we choose the node whose frequency
is 0.1873, relative error is smallest. In the case of relative error for reconstruction, if the natural
frequency is very large or small, it seems that there is a problem. The reason that we think is a
synchronization state.
Figure 14: L:The position difference between an initial position and after perturbing, R: wrong
reconstruction.
Left figure on Figure. 14 shows the position difference between an initial position and after
perturbing. The red line represents the poor reconstruction case, and the black line is the well
reconstruction case. If we see the red line, we can think that the reason for the problem is that
a particular node rotates once. In that section, this model does not play a proper role for the
reservoir, that means, we can’t reconstruct well when the nodes rotate for synchronization.
The reason for the rotation seems to be that the interval we perturb is insufficient for syn-
chronization. For this paper, we set the Observation time TRes to 1, but in this case, it seems
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to be out of synchronization in 1. So, we increase the time TRes to 10, and also we increase the
save time interval St from 0.1 to 1 to make the same reservoir size.
Figure 15: Rössler system reconstruction when L : Observation time TRes = 1, R : TRes = 10.
Figure 15 shows the result of the time increment. When the time is increased to 10, the
reconstruction become possible in all sections. By these experiments, for good results, natural
frequency and perturbation intervals need to be properly considered.
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IV Dynamics based Reservoir Computing with Concatenation
We also test the RCK by capacity. Capacity is a measurement to evaluate the performance of
reservoir, which is published in 2012 [17]. The purpose of the capacity is to quantify the different
models in which information can be processed by such systems. Capacity is determined by the
error of each order, and the calculation process is as follows:




where ẑ, z are the network output function, desired output function as Eq. (2) and X(t) is
























In this case, there is property for the capacity.
Proposition 2 For any function z(t), and any set of recorded data X(t), t = 1, ..., T the capacity
can be expressed as








Proposition 3 For any z, and any set of x, the capacity is normalized according to:
0 ≤ CT [X, z] ≤ 1,
where CT [X, z] = 0 if the dynamical system is unable to reconstruct z, and CT = 1 if the system
can reconstruct perfectly.
This is a partial capacity of specific function z. To qualify the performance of the reservoir,
the input data is set to uniform distribution over the interval [−1, 1], and the output is set to
finite products of normalized Legendre polynomials. We need to calculate high order polynomials






where Pd(t) is a desired polynomial of uniform distribution,and d, i are order of Legendre
polynomial and delay.
In order to calculate the capacity, all of the high-order orders must be calculated. However
the results in the paper are excluded the high order Legendre polynomial(d > 5) because the
capacity for high order case is very small.
4.1 limitation of RCK
The result of capacity is shown by Figure 16. In this figure we compare two models according
to reservoir size. The reservoir size of ESN is the same with the number of nodes and the size
of RCK is the same as 10 times of the number of Nodes. The capacity of ESN is increased
according to a size of reservoir, but the capacity of RCK is not. For the RCK, the capacity is
increased until the size of reservoir is 400, but there is no increment after 400 reservoir size.
Even if we increase reservoir size more than 400 reservoir size, we can’t expect the performance
improvement.
Figure 16: L : Total capacity, C : 1∼3 order capacity, and R: 4∼5 order capacity for ESN, RCK
according to size of reservoirs.
When we see the center and right figure in Figure 16, the problem with RCK is revealed.
Total capacity for 1 ∼ 3 order polynomial of RCK is similar to the ESN. However, the case of
4 ∼ 5 order, the difference in capacity is very large. This is very insufficient compared to ESN.
The difference in capacity can be seen as appearing in high order, which means that RCK is
weak for high order.
Also, there is a problem with cost time. When we observe the reservoir for reconstruction,
the cost for ESN with 400 nodes is about 6s, but RCK takes 60∼70 seconds. The ESN reservoir is
constructed by the nonlinear equation, but RCK is constructed by iterative method for system.
Since these problems, we propose an enhanced model which is constructed by concatenation.
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4.2 Reservoir computing with concatenation
1
Figure 17: Structure of Concatenated Reservoir Computing.
Figure 17 shows the structure of concatenated RC. The difference between original method
and concatenation is making reservoir. First, we initialize m reservoir states with N nodes by
different global parameters(Win, A,w). And then, we perturb the input data to m reservoirs, we
have m different reservoirs r1(t), r2(t), ...rm(t) ∈ RN×T where T is the size of input data. We
concatenate those m reservoirs as a one reservoir R = [r1(t), r2(t), ...rm(t)] ∈ R(N×m)×T .
Figure 18: Capacity(L) and Lorenz reconstruction error(R) for RCK, concatenated RCK accord-
ing to size of reservoirs.
The result of concatenation is shown in Figure 18. Single is just RCK and concat means
concatenated RCK by 2 RCKs with same nodes. The limitation of capacity according to number
of nodes is increased form 40 to 60. Also, the capacities are increased. By the concatenation, we
can improve performance and overcome limitations.
4.3 Application
We apply the concatenation to RCK and ESN.
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A. Mackey-Glass equation
The task to check performance improvement is the task1 in [5]. For this task, Mackey-Glass
equation(MG) [18] is used. MG data which is scaled to [−1, 1] is used as input data, and the






(ax(t− k) + bx(t− k)2 + cx(t− k)3), (17)
where x is the MG data and a, b, c are some nonzero constants. In this case, we set a = 1, b =
2, c = 5.
Figure 19: MSE of task1 in [5] according to m.
The result of task1 is shown in Figure 19. In the Figure 19 the yellow line is made by one
reservoir with 500 nodes, and blue line is made by 5 reservoirs with 100 nodes, red one is by 2
reservoirs with 250 nodes. We can get the better results when we concatenate more reservoirs.
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B. Reconstruction
We compare the Lorenz system reconstruction error for single RC and concatenated RC. We
tested random 100 cases for each size of reservoirs and we compare the same reservoir size of
RCK and ESN. The concatenated RC is constructed by 2 different reservoirs with same nodes.
Figure 20: (L): Rössler RMSE, (R):Lorenz RMSE according to the reservoir size.
The figure 20 shows the result of reconstruction error according to a size of reservoirs. In the
case of RCK, there is an improvement for the reconstruction. RMSE for Rössler reconstruction
has a stability problem, but the minimum RMSE is decreased.
In the case of ESN, there is no difference by the concatenation. We think that the reason is









the concatenated ESN is R = [r1, r2]. We set the adjacency matrix Ã and input weight W̃in of












Since Ã and W̃in are block diagonal matrices, so each blocks are independent. Then, the
calculations of R and R̃ are same. And, the spectral radius ρ̃ of Ã is max (A1,A2). If we set
the spectral radius of A1,A2 are less than 1, then ρ̃ is also less than 1. So, concatenated ESN




We introduce the two types of reservoir computing and compare them. For most tasks, Echo
state network(ESN) has better performance, but Reservoir computing based on Kuramoto
model(RCK) has a strength in the case of prediction. ESN has a stable result by the Echo
state property, but RCK has no such property for stability. Also, RCK has a limitation ac-
cording to the number of nodes, but ESN doesn’t. In the case of RCK, there have been many
problems with parameter setting because research on parameters has not been conducted much.
Performance comparison according to parameters for synchronization of Kuramoto model also
seems necessary.
In section 4, we propose enhanced reservoir computing with concatenation for the limitation.
We split the nodes and perturb each small reservoirs. RCK has improved performance by the
concatenation, but ESN doesn’t. We think that the reason why ESN has no effect is the echo
state property. Echo state property provide the stability regardless of number of nodes, random
parameters which are satisfied the condition of property. For the RCK, performance can be
improved by merging several, and the time required for synchronization can be reduced through
parallelization.
In this paper, we use the pseudo inverse to obtain output weight Wout. As mentioned in
section 2, pseudo inverse has ill-posed problem. To avoiding this ill-posed problem, we need to
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